The idea that one could prove by analytic methods the topological invariance of characteristic classes was suggested in an influential lecture by Singer. The concrete realization of this, in the case of rational Pontrjagin classes, was the result of works by Sullivan, who showed that topological manifolds have essentially unique Lipschitz structures, and Teleman, who showed that Lipschitz manifolds are the type of object for which one can analyze the signature operator. (A refinement of the same method proves the KO[l/2] orientability of topological bundles.)
de Rham, Rothenberg has given a torsion theoretic proof that PL conjugacy is equivalent to linear conjugacy. Since R Top ^ RO by the famous examples of Cappell and Shaneson, torsion cannot be made to function as in invariant in the Lipschitz category. In the smooth case Ray and Singer have given an analytic description of Reidemeister torsion for free actions, as verified by Cheeger and Muller, and Rothenberg has observed that these works can be extended to cover the nonfree case.
(D) For G actions that have 7Ti(M) -• TTI(M/G) split injective a form of the equivariant Novikov higher signature conjecture holds provided it\ (M) is a discrete subgroup of a connected Lie group.
This follows from identifying the class of the Lipschitz signature operator with an equivariant algebraic Poincaré complex. (The details are in Rosenberg-Weinberger, following ideas of Kaminker-Miller.) By far the deepest part is proving the result for G, the trivial group, and M smooth; this is due to Kasparov. (E) The key idea in constructing equivariant Lipschitz structures is the following lemma (and its analogue for Lipschitz homeomorphisms):
This is proven geometrically by making use of the torus covers that unwrap all directions equally. One continually makes use of the fact that Lipschitz constants can be related to the L°° norms of partial derivatives, so that all coverings of actions have a uniform bound on their Lipschitz constants (for their induced metrics) and that uniform rescaling does not change Lipschitz constants.
One makes extensive use of Quinn's theory of ends of maps to show that after crossing an action with a torus, one is in a situation that can be handled by repeated use of the lemma. The hypothesis of the lemma is assumed inductively, and one starts the induction with Sullivan's construction.
The method is perhaps best explained by first concentrating on the twostrata case. First suppose that there is a single fixed point. If the action had an invariant sphere near the fixed point, one can use Sullivan's theorem to make the action on it Lipschitz, and extend that "Lipschitzinization" to the complement of the neighborhood. The action on the neighborhood can be replaced by the cone on the action on the boundary (engulfing shows that this is topologically equivalent to what we started with). Unfortunately, such a sphere does not always exist. However, after crossing with S 1 an invariant S 1 xS n~1 does exist. Furthermore, one can deduce the existence of a transferinvariant one, and then apply the lemma. If the fixed set is more than a point, one tries to do the same thing, by triangulating the fixed set (at least locally, and then applying Sullivan's ideas to get around this difficulty using small Lipschitz handle decompositions) and trying to get a block structure on this neighborhood. Again there are obstructions, but after crossing with a torus they go away. (Here the dimension has to go up because you have to solve k end problems to get the projection of a mapping cylinder structure "transverse" to a codimension k submanifold, and you need one S 1 to get the mapping cylinder structure.) Then one inducts over the skeleta of the triangulation.
In general, one inducts on the number of strata. This stably constructs equivariant Lipschitz structures (of a rather special kind) whenever the fixed sets are all locally flat submanifolds. (These are the weakly stratified actions of Quinn.) Stable uniqueness follows from a relative form of existence.
(F) One can construct, in the locally linear case, unique equivariant Lipschitz locally linear structures, even without crossing with tori. This makes use of the stability of 7r 0 of G-homeomorphism groups, to show that all homeomorphisms can be approximated by ones that can be made Lipschitz using the lemma. This is necessary to deal with zero handles. The other handles are dealt with using work of Siebenmann-Sullivan on Lipschitz homeomorphisms of polyhedra.
